Abstract. There is only one finite, 2-connected, linearly convex graph in the Archimedean triangular tiling that does not have a Hamiltonian cycle. A subgraph G of TTG is linearly convex if, for every line L which contains an edge of TTG, the set L ∩ G is a (possibly degenerate or empty) line segment. Such a line L is called a grid line. Linearly convex subgraphs of STG are defined similarly. A T-graph (respectively, S-graph) is any nontrivial, finite, linearly convex, 2-connected subgraph of TTG (respectively, STG). For example, the graph G shown in Fig. 3 is linearly convex even though it has three components including an isolated vertex v, and G has vertices x and y whose midpoint z is a vertex of TTG but not of G. (Each component of G is 2-connected, and the two nontrivial components are each T-graphs.) If a nontrivial graph G is Hamiltonian (i.e., has a Hamiltonian cycle), then it is clearly 2-connected. Zamfirescu and Zamfirescu [5] investigated which S-graphs have a Hamiltonian cycle. The situation is much easier for T-graphs, as we will show. With only one exception, any T-graph is Hamiltonian.
in G which surrounds G, and any vertex of G not on ∂G is called an interior vertex of G. A vertex a on ∂G is said to be a boundary vertex of type 1 (respectively, of type 2) if the boundary of G forms an interior angle of size π/3 (respectively, of size 2π/3) at a. If a is any boundary point of G of type 1 or 2, let G = G (a) denote the subgraph of G formed by removing vertex a and edges of G adjacent to a. If a is of type 1, then either G (a) is a line segment and G is a triangle with a Hamiltonian cycle, or else G (a) is also linearly convex and 2-connected and therefore a T-graph. However, if vertex a ∈ ∂G is of type 2, then G (a) need not be a T-graph unless a is also adjacent to an interior vertex of G. (For example, see vertex a in Fig. 3 .) The key step in an inductive proof will be to remove a boundary vertex of type 1 or 2, inductively assume that G (a) is a T-graph with a Hamiltonian cycle (H-cycle), and extend that to an H-cycle for G. We may assume G has interior points, for otherwise it is clear that ∂G is an H-cycle for G. Thus the T-graphs without interior points form a basis for the inductive proof. Case 0. The above two cases were built on the assumption that there exists a vertex of type 1 in ∂G. If ∂G has no vertices of type 1 we need an independent proof of the existence of a vertex of type 2 which has an adjacent interior vertex of G, so that Case 2 may be applied. Vertex a in Fig. 3 shows that not every vertex of type 2 in such a T-graph has this property. It is easy to show if ∂G has no vertices of type 1, and if vertex b ∈ ∂G is of type 2, and if b is not adjacent to an interior vertex of G, then b cannot be an extreme vertex; that is, there is no grid line through b which supports G. It is also easily checked that any extreme vertex of type 2 in ∂G must have an adjacent interior vertex, and by Case 2 the proof is complete.
Remark 1.
An immediate and interesting application may be obtained from the dual formulation of the theorem. A patch G in the Archimedean tiling 6 3 of the plane by regular hexagons is any finite subset of at least three of the hexagonal tiles. Each hexagonal tile H ∈ G is adjacent to six other tiles, whose centers determine six main directions from the center of H . Suppose that for each tile H in a patch G, and for every other tile Fig. 7 .
Remark 2.
Hamiltonian cycles on Archimedean graphs have been studied in various settings. See [2] and [3] for references on counting the number of Hamiltonian cycles on certain S-graphs, and [4] for results on the areas enclosed by thin Hamiltonian cycles in any of the Archimedean tiling graphs. Earlier references are found in [5] . 
